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Abstract 

The purpose of the present work is to establish decorrelation estimates at 
distinct energies for some random Schrodinger operator in dimension one. In 
particular, we establish the result for some random operators on the contin¬ 
uum with alloy-type potential without covering condition assumption. These 
results are used to give a description of the spectral statistics. 


1 Introduction 

To introduce our results, let us first consider one of the random operators that will 
be studied in the rest of this article. Let {ujn)ne'z be independent random variables, 
uniformly distributed on [0,1] and dehne the random potential by Vi^{x) = ojn for 
X G (n—1/4, n-|-l/4) and n G Z and zero elsewhere. The random potential is non¬ 
negative but not positive with probability one. Consider the operator : L^(M) —)■ 
L^(R) dehned by the following equation 

= _A0 + I4/.. (1.1) 

We know that, with probability one, is self-adjoint. As is Z-ergodic, 
we know that there exists a set E such that, with probability one, the spectrum 
of Hoj is equal to E (see for instance m)- One of the purposes of this article is 
to give a description of the spectral statistics of H^. In this context, we study 
the restriction of to a hnite box and study the diverse statistics when the size 
of the box tends to inhnity. For L E N, let Al = [—L,L] and be the 

restriction of to LF‘{Al) with Dirichlet boundary conditions. The spectrum of 
Huj{Al) is discrete and accumulate at -foo. We denote {Ej)j^fq the eigenvalues of 
Hi_j{A), ordered increasingly and repeated according to multiplicity. We know from 
the Z-ergodicity that there exists a deterministic, non-decreasing function N such 
that, almost surely, we have 


N{E) 


L —^oG I I 


( 1 . 2 ) 
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The function N is the integrated density of state (abbreviated IDS from now on), 
and it is the distribution function of a measure dN. 

The main purpose of the present article is to prove the following theorem for a 
class of operators that contain the operator dehned in fll.ip . 

Theorem 1.1. There exists a discrete set S C (0, oo) with no accumulation points 
such that for {Eq, Eq) G such that Eq ^ E^ and such that N{.) is differen¬ 

tiable at Eq and Eq with N'{Eq) > 0 and N'{Eq) > 0, 

when |A| —)■ oo the point processes E{Eq,oj, A) and E{Eq,u;,A), converge weakly re¬ 
spectively to two independent Poisson processes on R with intensity the Lebesgue 
measure. That is, for any (J+, J_) G for any {U^)i<j<j+ C R'^+ and 

{U~)i<j<j_ C R'^" collections of disjoint compact intervals, one has 


/ Ur, f,{EQ, 00, A) eut} = kt\ 


UTUEo,uo,A)eUl} = kl 
e f/f} = kf 
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\^{j',UiEQ,u,A) eUj_} = kjJ 


This theorem (with 5 = 0) was proved for the hrst time for a continuous model, 
the alloy-type model, in [I5] but only with a additional assumption on the random 
potential, the so-called covering condition, i.e when the bounded compactly sup¬ 
ported, single site potential g : R —)■ R generated by an atom at the origin satishes 
the following inequality for some rj > t] 


1 £ -l[-l/2,l/2]' 


(1.3) 


This assumption is not satished by the operator dehned in fll.ip and we will prove 
for the hrst time Theorem II .11 for a class of single site potentials that does not satisfy 
(II.3p . In order to study the spectral statistics of H^{A) and prove Theorem 11.11 we 
use four results : the localization assumption, the Wegner estimates, the Minami 
estimates and the decorrelation estimates for distinct energies. As in na, the three 
hrst assumptions are known to hold and we will prove the last one for the hrst time 
without the covering condition. We now introduce these assumptions. 

Let X be an open relatively compact subset at the R. We know from m that 
the operator satishes the following localization assumption. 

(Loc): for all f G (0,1), one has 


sup sup E II l[_i/ 2 ,l/ 2 ]/(hfa;(AL))l[ 7 -l/ 2 , 7 + 1 / 2 ] Ih <00 (1.4) 

L>0supp/Cl J 

We know (see for instance [5]) that the following Wegner estimates hold on X: 
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(W) : There exists C > 0, such that for J C X and X G M 


P 


tr(lj(i7^(Ai)))>l <C\J\\kL 


(1.5) 


This shows that the integrated density of state (abbreviated IDS from now on) N{.) is 
Lipschitz continuous. As the IDS is a non-decreasing function, this implies that N is 
almost everywhere differentiable and its derivative z/(.) is positive almost-everywhere 
on its essential support. 

Let us now introduce the Minami estimates. We extract from [TU] the 

Theorem 1.2 (M). Fix J <Z X a compact interval. For any s' G (0,1), M > 1, 
T] > 1, p E (0,1), there exists Ls>,M,ri,p > 0 and C = Cs\M,rj,p > 0 such that, for 
E E J, L > Lsi^M,ri,p and e E , one has 

Y,^{tT[llE-e,E+e]{H^{AL))] > k) < C'(eX)'+A 

k>2 


One purpose of this article is, as in [B], to give a description of spectral statistics. 
As (Loc), (W) and (M) hold, we know from | 6 ] that the following result hold. Dehne 
the unfolded local level statistics near Eq as the following point process : 


'^{^',Eq,U,A) - ^ %.(Eo,a;,A )(0 ( 1 - 6 ) 

i>i 


where 

e,(Eo,a;, A) = |A|(iV(E,.(a;, A) - N{Eo)). (1.7) 

The unfolded local level statistics are described by the following theorem which is a 
weaker version of il Theorem 1.9]. 


Theorem 1.3. Pick Eq E X such that N{.) is differentiable at Eq and ^{Eq) > 
O.Then, when |A| —)■ oo, the point process Eq,u, A) converges weakly to a Pois¬ 
son process with intensity the Lebesgue measure. That is, for any p E N*, for any 
{A)ie{i,...,p} collection of disjoint intervals 


lim P 

|A |—>00 



Hjl^j(^^A) E Iij = ki' 

] 




u 

E Ip} = kp^ 

1 


Jll^i \Ipfp 
1^'" kp\ 


( 1 . 8 ) 


Therefore, Theorem o answers the question about the joint behavior at large 
scale of the point processes Eq,u, A) and Ei,u, A) with Eq 7 ^ Ei. Theo¬ 
rem [LT] is a weaker version of | 6 l Theorem 1 . 10 ] and it is proved in | 6 ] that it is a 
consequence of (Loc), (W), (M) and the decorrelation estimates at distinct energies, 
which are the following theorem. 


Theorem 1.4. There exists a discrete set iS C M and 7 > 0 such that for any 
a E (0,1), {E, E') E (M)^ — with E E' and fc > 0 there exists C > 0 such that 
for L sufficiently large and kL^" < I < L°‘/k we have 


tr 1[e-l-\e+l-i] {Hu}{Ai)) 7 ^ 0 ,\ ^ ^ E 
fr 1[E'-L-'^,E'+L-^] {Hu}{Ai)) ^ oj 
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Theorem 11.41 (with 5 = 0) was first proved in [10] for the discrete Anderson 
model in dimension one. Then, it was proved for other discrete models in dimension 
one in [THl HH] [15] and for the first time for a continuous model in [15], but with the 
covering condition. In the present article, we prove for the first time decorrelation 
estimates and therefore Theorom ll.il without the covering condition. 

2 Models and Main result 

In this section, we introduce the models that will be studied, the main result of this 
article and the known properties of the models used to prove this result. Let {un)ne'z 
be independent random variables with a common bounded, compactly supported 
density fi. 

2.1 Models 

Continuous models : Let g : M —)• M a continuous function such that there 
exist intervals /C C JT” of positive lengths and C > 0 such that 

^l\K<q<Cl\j. (2.1) 

Therefore, q is non-negative, bounded, compactly supported and positive on an 
interval of positive length. Contrary to the models studied in [15], the interval K, 
is not supposed to be of length at least 1, assumption that is often named covering 
condition. 

Let on L^(M) defined by, 

V0 G iL^(M), Hijjcj) = —A(;/) 4- qper(f^ + (2-2) 

where g^er is a bounded, one-periodic function and 

V^{x) = '^Unq{x - n). (2.3) 

riEZ 

We suppose that the following hypothesis is true : 

(H): Either g^er := 0 or g satishes the covering condition, i.e |/C| > 1. 

As g is compactly supported and bounded, W is uniformly bounded in x and 
u. Therefore, we know that H,^ is self-adjoint with domain iL^(M) with probability 
one. 

Discrete models : Let (a„)„gz ^ ^ non-zero sequence of non¬ 
negative real numbers with hnite support. Let on defined by, 

Vm G £^(Z), H^u = Hqu + 140 (2.4) 

where Hq is a periodic bounded, Jacobi operator, and 

Vtoi^rn^ = ^ ^ (jJriO'm—n- (2-5) 

Note that 14 and are uniformly bounded in w, hence is self-adjoint with 
probability one. 
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2.2 Assumptions 

We know that the models dehned above satisfy the three following assnmptions for 
some relatively compact, open interval X C M. 

(W) : There exists C > 0 snch that for J C X and A an interval in M, one has 


P 




( 2 . 6 ) 


Wegner estimate has been proven for many different models, discrete or continuous 
([91 El 12 [19]). Assumption (W) implies that the IDS is Lipschitz continuous. 

(Loc) : for all ^ G (0,1), one has 


sup sup E ^el'^l^||lA( 0 )/(i?a;(AL))lA( 7)||2 <oo (2.7) 

L>0supp/CX J 

This property can be shown using either multiscale analysis or fractional moment 
method. In fact we suppose that X is a region where we can do the bootstrap 
multiscale analysis of [7]. (Loc) is equivalent to the conclusion of the bootstrap 
MSA (see [HI Appendix] for details). We do not require estimates on the operator 

but only on 

(M) : Fix J C X a compact. For any s' G (0,1), M > 1, p > 1, p G (0,1), 
there exist Lsi^M,ri,p > 0 and C = Cs',M,r],p > 0 such that, for E G J,L > Lsi^M,r],p 
and e G , one has 

^P(tr|l [E-e,E+e] >k)< C'(6X)'+A 

k>2 

The hrst two assumptions are known for a large class of operator, in any dimen¬ 
sion. As for the last assumption, the Minami estimates, they are only proved in any 
dimension for Anderson type potential (dSlEllIlil), and for the discrete alloy-type 
model with single site potential whose Fourier transform does not vanish. To be 
more precise, these articles prove a stronger statement than the Minami estimates 
above, but this weaker version suffices in our case. 

For the models dehned above, in dimension one, we know there exists a relatively 
compact, open interval X C M such that (W), (Loc), (M) hold. It is proven in 
m that, in dimension one, for continuous models, if one has independence at a 
distance and localization, the Minami estimates (M) are an implication of the Wegner 
estimates. It is proven in [16] that this statement holds also for discrete models, 
under the same assumptions. In both cases, the Minami estimates are not as strong 
as the Minami estimates proven in [niiHiKii], but are sufficient for our purpose. For 
discrete alloy-type models, Minami estimates are also proven in ini but they only 
hold for single-site potentials whose Fourier transforms do not vanish. Therefore, 
we will use the Minami estimates proven in [16] which hold under the assumptions 
of the present article. 
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2.3 Main results 


The purpose of this article is to prove for the models dehned above the following 
theorem 


Theorem 2.1. Suppose is one of the operators defined above. There exists 7 > 0 
and a set iS C M with no accumulation point(only depending on Hq) such that, for 
any (3 G (1/2,1), a G (0,1), (F, G) G — 5^ such that at F G and k > Q, there 
exists C > 0 such that for L sufficiently large and kL°‘ < I < L^'/k we have 


tr t[F-L-i,F+L-i] (Hujiffi)) 7^ 0,\ ^ ^ P 
fr t[G-L-i,G+L-i] {HffidVi)) ^ oj ~ 


Furthermore, if q satisfies the covering condition, S is the empty-set. 

Decorrelation estimates give more precise results about spectral statistics, such 
as Theorem o (see [6] for the proof and other results about spectral statistics). 
They are a consequence of Minami estimates and localization. In [10], Klopp proves 
decorrelation estimates for eigenvalues of the discrete Anderson model in the local¬ 
ized regime. The result is proven at all energies only in dimension one. In [TH] . 
decorrelation estimates are proven for the one-dimensional tight binding model, i.e 
when there are correlated diagonal and off-diagonal disorders. In [16] , decorrelation 
estimates are also proven for other discrete models, such as Jacobi operators with 
positive alloy-type potential or the random hopping model, i.e when there is only 
off-diagonal disorder. Decorrelation estimates were also proved for continuous mod¬ 
els in [T^ but only under the covering condition, and for the free Hamiltonian equal 
to the Laplace operator. In the present article, we improve this result by allowing 
a 1-periodic background potential. We also allow non-negative single-site potential 
without covering condition, but we then prove decorrelation estimates at all energies 
except for the ones in a hxed discrete set. The proof also apply to discrete operators 
but as the proof is the same, it will not be given. 

The proof of Theorem 12.11 rely on the study of the gradients of two different 
eigenvalues. In particular, we show that the probability that they are co-linear is 
zero. In [lO], [H] and [I6], this condition could easily be rewritten as a property 
of eigenvectors. For instance, for the discrete Anderson model, this condition is the 
system of equations 

Vn G |—L, L], M^(n) = n^(n). (2.8) 

where u and v are normalized eigenvector associated to the eigenvalues. These 
equations can be rewritten easily as u{n) = ±v{n). 

Now, consider the continuous alloy-type model where the single site potential q 
has support included in (0,1). Then, the condition of co-linearity is the system of 
equations 

rn-\-l pn+1 

Vn G |—L, L — 1 , ], / q{x)ffi{x) = / q{x)v‘^{x). (2.9) 

J n J n 

The strategy developped in [15] was to rewrite this system as a system of 2L 
quadratic equations, using basis of solutions on each interval (n, n-f 1). This system 
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and the fact that the eigenvectors have continuous derivatives will imposed condi¬ 
tions on the eigenvectors that are easier to handle. The difficulty was to choose a 
basis of solutions in which the problem could be rewritten in a simpler manner. The 
choice made in [15] was to take orthonormal (with respect to q) basis of solution. We 
then had to compare the norms of these solutions when the (oJn)n were moving 
and the covering condition was simplifying this comparison. In the present article, 
we will make another choice of basis, the basis given by the Floquet theory. This 
will allow us remove the covering condition. The trade-off is that we need to exclude 
certain energies. 


3 Proof of Theorem 12.11 


We follow the proof of [101 Section 2]. The only difference is in the proof of 
Lemma 13.51 below which corresponds to [TITl Lemma 2.4]. The proof of the other 
intermediate results are the same as in HD]. Thus, the results will be given without 
proofs. The proof of Theorem 12.11 is the same for discrete and continuous models 
except from the obvious modihcations due to the discrete structure. Therefore, we 
will only prove the results for continuous models. 

Using (M), Theorem 12.11 is a consequence of the following theorem : 


Theorem 3.1. Let (3 G (1/2,1). For a G (0,1) and {F,G) G with F ^ G, for 
any k > 1 there exists C > 0, such that for L large enough and kL°' < I < L'^/k we 
have 


trlyF-2L-\F+2L-^]{.H^{^l)) - 1 ,\ ^ 
tf'l[G-2L-^,G+2L-^]{.H^{Ki)) = ly 


We now restrict ourself to the study of the restriction of to cubes of size 
(logX)^/'^' instead of length L". In this context, we extract from [TOl Proposition 
2.1] the 


Proposition 3.2. .■ For allp > 0 and f G (0,1), for L sufficiently large, there exists 
a set of configuration of probability larger than 1 — L~p such that if (j)ri,Lo is a 
normalized eigenvector associated to the eigenvalue G X and Xo(uj) G {1,..., X} 
maximize then 

|0n,.(a:)| (3.1) 

Now, Theorem 13. II is a consequence of the following lemma and Proposition 13.21 


Lemma 3.3. Let jd' G (1/2,1). For a G (0,1) and {F,G) G X^ with F ^ G, there 
exists G > 0 such that for any G (0,^), L large enough and I = (logX)^/^ we have 


tr 1 [f-2L-\f+2L-^{H^{Ai)) - ^ ^ 

tl" -^[G-2L-l,G-|-2L-l](-ffa;(A;-)) = ^J 

The rest of the section is dedicated to the proof of Lemma 13.31 Dehne Jl = 
[E-L-\E + L-^] and Jf = [E' - L-\ E' + L-\ For e G i2L-\ 1), for some 
K > 2, using (M) when the operator has two eigenvalues in [—e, -1-e], one has 

Pi < Ge^E + Pe < GeH‘^e^^ + P, (3.2) 
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where 


P, = P(l^o(e)) 


and 


^o(e) 


a{H^{Ki))f\JL = {E{uj)} 
aiH^iAi)) niE-e,E + e) = {E(n;)} 

<T(i/„(A,)) n = {B'(i^)} 
<t(^/„(A,)) n (B'- e.E'+ e) = {£'( 1 ^)}, 


In order to estimate P^ we make the following dehnition. For ( 7 , 7 ') G A| let 
J^^y{E{u), E'{u)) be the Jacobian of the mapping {u^,uy) —)■ {E{u), E'{u)) : 


J^^y{E{uj), E'{uj)) 


(d^^Eiu,) a^^,E{u)\ 


(3.3) 


and dehne 

nij'ie) = no{e) n {cn; \J,^yiE{u), E'{u;))\ > A} . 

When one of the Jacobians is snfficiently large, the eigenvalnes depends on two 
independent random variables. Thns the probability to stay in a small interval is 
small. So we divide the proof in two parts, depending on whether all the Jacobians 
are small. The next lemma shows that if all the Jacobians are small then the gradi¬ 
ents of the eigenvalnes, which have positive components for the models considered 
in the present article, mnst be almost co-linear. 

Lemma 3.4. Let {u,v) G such that ||m||i = ||n||i = 1. Then 


max 



An^ 


2 

1 - 


Thns, either one of the Jacobian determinants is not small or the gradient of 
E and E' are almost co-linear. We now show that the second case happens with a 
small probability. 

Lemma 3.5. Let {E,G) G with E ^ G and (3 > 1/2. Furthermore, if d > 1, we 
suppose that \E — G\ > diamsp{Ho). Let P denotes the probability that there exist 
Ejipj) andEkipj), simple eigenvalues of such that \E — Ej{u)\ + \G — Ek{u))\ < 

e~^^ and such that 

V^{Ej{u)) V^(Et(oj)) 

TwFToI “ FvJFm)! 

then there exists c > 0 such that 


< (3.4) 


P < (3.5) 

The proof of this resnlt depends on the model and will be given below in the 
paper. First, we hnish the proof of Lemma [3.31 

Pick A = e-^^\\Vu^{Ej {uj ))IIIIV4B»( a;))||. For the models considered in the 
present article, there exists C > 1 snch that for all X, WV^^^Ej M)ll e [IIG,G]. 


















This will be proven in the following subsections. Therefore A x . Then, either 
one of the Jacobian determinant is larger than A or the gradients are almost co- 
linear. Lemma 13.51 shows that the second case happens with a probability at most 
It remains to evaluate P(r2Q’^ (e)). We recall the following results from [TO] . 
They were proved for the discrete Anderson model, they extend readily to our case. 
First, we study the variations of the Jacobian. 

Lemma 3.6. There exists C > 0 such that 

C 

\\Hess^{E{u))\\i^^ii < - 

dist[E{u),a{H^{Ai)) - 

Fix a G (1/2,1). Using Lemma F3.61 and (M) when Hi^{Ai) has two eigenvalue in 
[E — L~°‘, E + L““], for L large enough, with probability at least 1 — L“^"A, 

\\Hess^{E{ujmio.^ii + WHessUE'ioomi^^ii < CL^. (3.6) 

In the following lemma we write oj = (a;.^, wy, 0 ;.^,^). 

Lemma 3.7. Pick e = L~°‘. For any if there exists (a;°,a;y) G such that 
G Qq’J (e), then for G such that |(a;.y,a;y) —(a;°,a;y)|oo < e 

one has 

{Ej{u:),Ek{u)) e Jl X \{u:^,uy) - (a;°,a;°,)|oo < 

As in Lemma £x (cj°,Uy) such that (u^,Uy,Uy^y) G (e) and dehne 
A := (cj!^,cjy) + {(cjyjCJy) G U M^, > e or |a;y| > e}. We know that for 

any i G Z, Wj ^ Ej{u) and uji —>■ Ek{uj) are non increasing functions. Thus, if 
{uj^^ojy) G A then {Ejioj), Ek{uj)) ^ JlX Jf. Thus, all the squares of side e in which 
there is a point in Qq’J (e) are placed along a non-increasing broken line that goes 
from the upper left corner to the bottom right corner. As the random variables are 
bounded by U > 0, there are at most CL“ cubes of this type. 


As the {ojn, 

)n are i.i.d, using Lemma 13.71 in all these cubes, we obtain : 




(3.7) 

and therefore 

P, < CL°-‘^X-^. 

(3.8) 


Optimization yields a = 2/3. This completes the proof of Theorem 13.31 


4 Proof of Lemma 

In this section, we follow the strategy developed in [T^ but we hrst introduce some 
dehnitions. Recall that q is the simple-site potential and that it satisfies (12. Ih . On 
L‘^{—N,N) we dehne the non-negative symmetric bi-linear form : 

/ N 

f{t)g{t)q{t)dt. (4.1) 

■N 


3.5 
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We denote ||.||g the corresponding semi-norm. We say that the functions / and g are 
g-orthogonal if {f,g)q = 0. The notion of l-orthogonality is the usual orthogonality 
in L^(—/,/). Fix {F,G) G M and let u and v be 1-normalized eigenfunctions of 
Hi^{Ai) associated to the eigenvalues Ej{u) E [F — e~’‘^,F + and Ek{uj) E 
[G — G -f These eigenvalues are almost surely simple and we compute 

du,„Ej{u) = {{d^^H^)u,u)^ = > 0. (4.2) 

First we show that the gradient of Ej cannot be to small. To prove this, we restrict 
to our one dimensional setting the HI Theorem 2.1], which is a scale-free unique 
continuous principle, but we hrst introduce some notations. For <5 > 0 and z : = 
{zj)j^z a collection of point in Z such that \zj—j\ < 1 dehne Ss,l = ALn{zj—S, Zj+6). 
In the following theorem will denote the restriction of the deterministic operator 
—A + V where V : M —)■ M is a measurable function. 

Theorem 4.1. Let 6 E (0,l/2),iFy > 0 and E E M.. Then, there is a constant 
Csfuc = Csfuc{d, Ky, E) E (0, cx)) such that for all measurable potentials 1/ : M —)■ 
[—Ky^Ky], all scales L E N with L > 18e, all sequences {zj)j^z C such that 
Vj E Z, \zj — j| < 1 and all linear combinations of eigenfuctions 

nSN: En<E 

(where satisfies o,nd an E C) we have 

[ > Csfuc [ 

d Sl,s J 

We can now apply this theorem to our random operator E[^{Ai) and prove the 

Lemma 4.2. Fix E E M.. There exists C > 1 such that for all L > 0 and any 
random eigenvalue Ej{oj) < E of H^{Aif), \\'Vu}{Ej {u))\\,e[1/G,G]. 

Proof. First, by assumption, there exists an interval oi[z — 5,z + 5] with 5 E (0,1/2) 
included in (0,1) on which q is bounded from below by a constant g > t). Further¬ 
more, q is also bounded from above by - and supported in [—W, iV]. Therefore, we 

V 

have 


fV 


cN 


V J-N 


(fJt + n)> = / q{t)(j)Jt + n)>g 


f-N 


' (z-\-n—6,z-\-n-\-5) 




Therefore, if we set Zn = z + n and dehne Ss^l as above. Theorem 14.11 yields 


‘dN ^ „ 

— ^ 1 > 
g 


'Ss,. 


0?(t) > g ■ Gsfuc 


since (fj is a normalized eigenvector associated to whose random potential 

is uniformly bounded in ca. □ 
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In the rest of the subsection, M will be fixed such that P(|ci;o| > M) = 0 so that 
all the random variables (a;*)* are almost surely bounded by M. 

For • G {F, G}, define the following ODE 

(S^) : 'ix e {-N, N),y'\x) + 14(n + x)y{x) = •y{x) (4.3) 

Now, fix an q-orthonormal basis (e”,,e 2 ,) of the space of solutions of {8^). 

Proposition 4.3. Let • G {F,G}. We can choose e”, and e^, so that they are 
analytic functions of the {ojj)j^in- 2 N,n+ 2 N'i G 

Proof. We omit the dependence on n and • and only write u instead of 
{u)j)j^ln-N,n+Ni- Let 4/ and $ be the solutions of {Sf) satisfying = $(0) = 0 

and 4/(0) = <1>'(0) = 1. We know that 4/ and <1> are power series of u and that 

i]/ 

II^IMI'Lllg 7 ^ 0. Thus, Cl := analytic and satisfies {8f). Now, define d* : = 

<1> — (<h,ei)ei. Then, $ is an analytic non-zero function orthogonal to Ci satisfying 

rr-m ^ 

(T"). This concludes the proof of Proposition 14.31 taking ei and 62 := —. □ 

ll^llg 

Now, as u satishes the ODE 

Vx G i-N, N), y” + V^{n + x)y{x) = Fy{x) + {Ej{u) - F)y{x) (4.4) 


with \Ej{uj) — F\ < e [v satisfies a similar ODE) there exist two unique couples 
(yl„. Bn) G and (An, Bn) G such that, for all x G {n — N,n + N), 


u{x) := Anef p{x -n) + Bne 2 p{x - n) -1- e”(x - n) 
v{x) = Ancfcix -n) + BnelQ{x - n) -1- e”(x - n) 

and such that for • G {m,x} we have eJ^(O) = (e”)^ (0) = 0. We then have 

|e!!llno + ||e”|lcxD + II (e”) |loo + |1 {Af) ||oo ^ Ge ^ 


(4.5) 


~U lloo 

for some O > 0 (depending only on ||g||oo, AI and N). Therefore, 

i(„_^,„+^)ilg = Al + Bl + ^n and = ^1 + ^1 +el with |£“| + k::| < 


ll«l( 

Ge-^A Thus, 


Af:= \\VE,\\,= J 2 iAl + Bl)+^u 


n=—l 

I 


(4.6) 


A. 


n=—l 

{ 


with \^u\ + ^ C'e ^ . Now, define ; < 


have 


Cn := ^ 

xW 

D ■= 


N ^1 + B>1 — ^ Gl + DI + 0[e ’’ ) — 1 + 0[e 




, Dn-.= 


Bn 


Then, we 


(4.7) 


n=—l 
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Finally, define U{n) 



and V in) 



define the Priifer variables 


[tu, Ou) e IF+ X [0, 27r) such that U{n) = ) and dehne 

yCOS J 

tu ■= sgn(tan 6 '„) inf (| tan 6 '„|, | cot 9u\) and the same for ty. The function is equal 
to tan 6 '^j or cot 6 '„ depending on whether |tan 6 '„| < 1 or | tan 0^1 > 1. Using these 
notations, (13.dh can be rewritten 


' d; II1 _ 




(4.8) 


The proof of Lemma 13.51 is the exact same as in [15] , except for the proof of 
Lemma [4.41 below (Lemma 3.8 in [U]), and will not be rewritten here, as it is quite 
technical. Therefore, we will only prove the 


Lemma 4.4. There exist nine analytic functions (/i)je|[o, 8 i (only depending on q and 
N) defined on and not all constantly equal to zero such that, ifu (respectively 

v) is a 1-normalized eigenfunction of associated to Ej{oj) G 


(respectively associated to Ek{uj) G [G — e G + e if for some rio G Z, fl {—I + 
2N, I — 2N) we have r„(no) > and 

Mm G {no — 7N, uq + 7A^], |r„(m) — r^(m)| < 


,-Fl 


e F + e 


and if we define the polynomials 


8 8 

n^{X) := and Q^{X) := 

i=0 i=0 

where we have defined u := {uno-sN, ■ ■ ■ ,oJno+8N), then we have : 


if 3g E {tan, cot}. 


tv{no) = g{9y{no)) 
tuino) = gi9u{no)) 


then \TZc, (4 (no))| < e 


otherwise, we have (F (rio))| < e 


■iP/i 


Proof. We will prove the result under the assumption t„(no) = tan 6*^1 (no) and 
tvino) = tan(no), i.e when 


max (I tan 6 '„(no)|, I tan 6 '„(no)|) < 1. 


(4.9) 


There are minor modihcations in the other cases. As the random variables are i.i.d, 
it suffices to show the result with no = 0, which will be supposed from now on. We 
then consider the ODE 


Mx G (-7X, 7X), y'\x) + V^{x)y{x) = Ey{x), (4.10) 

which depends only on [uj ,■■■■, oj^n) ■ Suppose |r„(m) — ry{m)\ < for 

m G |—7X, 7X] and r„(0) > e~^^l^. We show that t.y(0) is almost a root of a 
polynomial depending only on (w-gv, • • • ,i^ 8 v)- 
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In the following lines £ will denote a vector such that ||e:|| < Ce its value 
may change from a line to another. As u and v have continuous derivatives, 


M^U{2N) = N^U{0) + e (4.11) 

where 

Thus, if we dehne T/ := we have 

U{2N) = T+ U{0) + e and V{2N) = T+ 1/(0) + £. (4.12) 

Indeed, the matrix depends only on (cj-at, ... ,ojn) G and is 

therefore uniformly bounded by a constant (T > 0 (depending only on ||g||oo, M and 

TV). 

As t„(0) = tan6*„(0), we compute 


( el,{N) el,{N) \ 
WIf)\N) (el^y(N)J ■ 


f ru(2N) y 

V ^«(0) J 


+ / sin 6 '„(n)\ 

^ ycos 6'„(n)y 


+ e 


1 

1 + t„(n)2 



+ e. 


for some |e 


< Ce In the case tu(0) 


1 

tan 0 ^( 0 ) 


, we compute 


V ^«(0) J 


ycos du(n)J 


+ e 


1 

1 + tu(n)^ 



+ e. 


The eigenvector v satishes the same equation if we replace F by G. Therefore, 
the equation 

< 

can be rewritten 


/ r^2iv) y fumy 
V ?"«(o) J V ^^(0) / 


1 

1 + ^^( 0 )^ 




1 

1 + t„( 0 )^ 



< (4.13) 


Thus, there exists ei such that |ei| < CU and such that 


1 + ^ht(O)^ 


Un) 
1 


1 + t^;( 0 )^ 


T, 


G 


Un) 


+ ei- 


(4.14) 


Now, consider the equation U{—2N) = TfU{n) + £ for the matrix Tp constructed 
in the same way as T^. Using the same calculations as to prove (14.141) we obtain 
the existence of rji with \rii\ < CU such that 


1 

1 + tu( 0 )^ 




1 

1 + 1 ^( 0 )^ 




+ Vi- 


(4.15) 
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Define the polynomials of degree 2 


Pg{() ■■= 




and Qq := 


T, 


G 


Using fl4.9p . the equations fl4.14p and fl4.15p can be rewritten 


fii(4(0),t^(0)) := tl{0) 


a+tim 




+ 2i„(0)(r+(J),r+(“"'' ■ 


PcitviO)) 

(i+tim 


(i+tim 






=€2 (4.16) 


and 


fi 2 (t«( 0 ),U( 0 )) := tl{n) 


{i+tim 


t; 


- Pg{P{0)) 


+ 2i„(0){rf (Jj.Tf (°'))(l + (j;(0)) 


+ 


(l + t^(0)) 


Ti 


PcitviO)) 


= V2- (4.17) 


Thus, tuiO) is a root of the two polynomials t —)■ i?i(t, tt,(0)) —62 and t —)■ i ?2 — h 2 - 
Therefore, the resultant of these polynomials must be zero. All the coefficients in 
Ri and R 2 are bounded uniformly over iuJm)m€i-N,N}- Thus the resultant 77(f^(0)) 
of i?i( •, f^( 0 )) and 7 ? 2 ( •, ^r)( 0 )) is smaller than P. 

If we have t„(0) = tan6'u(0) but t„(0) = cot6't,(0) instead of f„(0) = tan6'.y(0), 
the resultant Q(t) obtained is equal to t®77(l/f). If we have fn(0) = 0010 ^( 0 ) and 
tuiO) = tan 6 '„( 0 ) instead of fu( 0 ) = tan 6 'u( 0 ) and f„( 0 ) = tan 6 '^( 0 ), the resultant 
obtained is 7Z 

Now, the resultant 7Z is an analytic function of the random variables 
(a;_ 27 v, i^- 2 V+i, • • •, i^ 2 v)- We will now prove that, as a function of these random 
variables, it is not constantly the zero polynomial. This will be done under the 
assumption oj- 2 n = i^-sAf+i = • • • = oj 2 N- Under this assumption we have 

Vx e i-N, N), Vojix) ='^cjnqix - n) = uo ^ g(x-n). 

riGZ n€(x-N,X+N)nZ 

Therefore, we come down to the study of the ODEs 

Vx e i-N, N),y"ix) = iujoqix) - •) yix) (4.18) 

where q is one-periodic, g > 0 on some interval /C C (—1/2,1/2) and • G {F, G}. 
We now prove the 
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Lemma 4.5. There exists ooq such that, TZi^ is not the zero polynomial. 

Proof. The fact that the resultant TZi^ is the zero polynomial is equivalent to the 
fact that, for all t' G M, the polynomials -Ri( •, t') and R 2 {-, t') have a common root. 
This is also equivalent to the fact that for all tc 7 ^ 0 satisfying (14.181) for • = G, 
there exists a function := z(w) 7 ^ 0 satisfying (I4.18p for • = F such that 


f r.(2N) y 

V f(0 ) J 


f rU2N) y 
V / 


+ 


/ r,(- 2 iV) y 

V f(o) J 


f rU-2N) y 

V J 


0. (4.19) 


Now, using Propositions lB.il IB. 31 and IB. 21 we know there exists loq 
discriminants Vp and Dg are not equal or opposite and satisfy \Df\ > 
2. Let Xp and Ac be the associated Floquet multipliers with absolute 
larger than 1. Without loss of generality we will suppose that |Af| > 

tc be a normalized Floquet solution associated to Xp. Then, = 

rw{0) 

Xjp. Let (/f, f^) be normalized Floquet solutions associated to Xq 
let pg = {fi, f 2 )q- Then, for any solution ^ of (I4.18p with • = G, 
{A,B) G such that 


such that the 
2 and \Dg\ > 
value strictly 
|Ag| > 1- Let 
_ 

r^{-2N) 
and Ag^ and 
there exists 


z = Af^ + Bf, 


G 


Therefore, we compute 


T+z = AlAc/f + BX^^f^ 
Taz = AlA^Vf + BXgI^ 


and 


r,{2N) _ A^Xl + F^Ag^ + 2pgAB 
r^po) + B"^ + 2pgAB 

r,{-2N) _ A'^Xff + F^A| + 2pgAB 
r^( 0 ) A'^ + B'^ + 2pgAB 


Let {A,B) = F(sin0, COS0) with {R,(f>) G (0, cxo) x [0,27r). Then, for w as above 
(I4.19P can only be satisfied for such that 5 7 ^ 0. Let r = tan0. Then, we have 


rz{2N) _ AX% + Xj + 2pgt 
r^(0) + 1 + 2pgt 

r^(-2iV) _ r^Ag^ + + 2pgt 

r^po) T‘^ + l + 2pGr 


Therefore, there exists a non-zero 2 ; such that fl4.19p is satished if and only if there 
exits r G M such that 


AX% -F Xj + 2 pgt 
A + 1 + 2pgt 
T^X'ff + A^ -F 2pgt 
A + 1 + 2pgt 
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This is also equivalent to the fact that there exists r G M such that 

(A| - A|) + 2pg{1 - A^)r + (A^^ - A^) = 0 
(Ag2 - Xp^) + 2pg( 1 - Ap^)r + (A| - Xp'^) = 0 

Eventually, this is also equivalent to the fact that the resultant of these two polyno¬ 
mials is zero, i.e 


A^-A^ 


X -2 _ \2 

Ag Ap 


2pg{1 - A |) 
0 

Now, dehne 


0 

XI-XI 
2pg{ 1 - Xl) 
Ag 


Ag^ - A/ 
2pg(1 - Xp") 
XI - x-p^ 


0 

Ag^ - Xp'^ 
2pg{1 - A /) 
Ap 


2 _ 

A^ 

0 

X2 

'^G “ 

Ai 

= A^- 

A| < 0 


n+ 

= 2 pg(1 

-A|) 


A2 

- \-2 
- Ag - 

A^ < 0 


A3 

- x-2 

Af^ = - 

-lAiXf^Xp^ 

n_ 

= 2 pg(1 


= -n+A);2 

A4 

= A?,- 

A)^^ = - 

■A2 AqA^^ 


= 0 


(4.20) 


To conclude the proof of Lemma 14.51 it therefore suffices to show that the matrix 

M := 7^ -7" 7' (4.21) 


/Ai 

0 

A3 

0 \ 

n+ 

Ai 

n_ 

A3 

A2 

n+ 

A4 

n_ 

Vo 

A2 

0 

A4 j 


satishes det(M) 7 ^ 0 . 

A straightforward calculus shows that 

det(M) = (A 1 A 4 - A 2 A 3 )' + (n_Ai - n+Aa) (H.As - n+A 4 


= [AiA 2 A/(A^ - Ag^)] 2 + n^AiAs (-A| + A/A^^) (-A| + A^A/) =: 


with 


Now, we compute 


A — AiA 2 Ap,^(Aq — A 


)^0 


-A 


p + Xp"^Xg^) (-X 


,- 2^-2 

> 1 . 


p + XqXp^) — Xp'^ (Xp — Xg^) (Xp — Xg) > 0 
Now, as S 1 S 2 > 0, we have > 0 and B > 0. Therefore, 


because Xp > X^ 

det(M) > 0 and the resultant of the two polynomial is not zero for our choice of ujo- 
This concludes the proof of Lemma 14.51 □ 


We can now hnish the proof of Lemma 14.41 There exist (uj-sjv, ■ ■ ■, ^sn) such 
that the coefficients of TZig are not all equal to zero. Now, write 
7 Z.oW = EIoM^- 8 JV,..., cjsn)^^ where the (/j)j are analytic. Then, one of the 
functions (/j)j must be not constantly equal to zero. Besides, by construction, we 
have |7^j(,(7(0))| < This completes the proof of Lemmaand therefore the 

proof of Lemma 13.51 as in [15] . □ 


+ B 
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A Analytic functions of several real variables 


In this section, we extract two properties of analytic functions of several real vari¬ 
ables that were proved in [IS], but first, we remind the reader of the Weierstrass 
preparation theorem ([I2|)- For x G M"', we will write x = (x, a;„). 

Theorem A.l. Let O he an open subset of M"' that contains the origin and let 
/ ; (9 —)■ M &e an analytic function vanishing at the origin such that the analytic 
function Xn i—)■ /(O, • • • ,0,x„) has a zero of order m & N* at 0. There exists a 
neighborhood U of the origin, a Weierstrass polynomial P{x,Xn) = ao{x) + ai{x)xn + 
• • ■ + -f defined on U, with aj(0) = 0 for all z G |l,m — 1], and 

an analytic function g : U ^ M with g{0) ^ 0, such that, for all x E U, we have 
f{x) = P{x)g{x). 


Proposition A.2. Fix C an open set and / : 11 —)■ R a non zero analytic 
function. Fix G a compact subset o/H. There exist Cq > 0 and m E N* such that, 

/ g X 1/™ 

for all 0 < e < Cq, we have |{x G G, \f{x)\ < e}| < ( — 1 

Proposition A.3. Fix H C R" an open set containing the origin and / : H —)■ R 
an analytic function such that, for all {x,Xn) E H, the function hn e-)■ f{x,Xn + hn) 
is not constantly egual to zero in a neighborhood of the 0. Fix G := [—M, a 

compact subset o/H. There exists Cq > 0 and m E N* such that, for all 0 < e < Cq 

/ ^ \ 1/™ 

and X E [—M, M]"' we have \{xn E [—M, M], \ f{x, Xn)\ < e}| < ( ~ ) 


B Properties of Floquet solutions 


In this section, we remind the reader of fact concerning Floquet theory and prove 
simple properties that are used in the proof of decorrelation estimates. 

Let W : R —)■ R be a 1-periodic bounded potential and ta : R —)■ R a 1-periodic 
non-negative weight function. For A G R, consider the following ODE 


y"{x) + W{x)y{x) = Xw{x)y{x) 


(B.l) 


\hA(0) = 0. Now, define the matrix T(A) = 


, and D{X) := lr[T(A)]. 


Let "Fa, 'La be the solutions of this ODE satisfying <Fa(0) = 1La(0) = 1 <F';,^(0) = 

'$a( 1) ^A(ir 
4a(1) 

We know that det(T(A)) = 1, so the characteristic polynomial of T(A) is — 
I1(A)X + 1. 

If D{X) = ±2, 1 is the only eigenvalue of T, and there exists two different 
solutions (m, v) of fIB.ll) that satisfy 


u{x - 1 - 1 ) = ±u{x) 
v{x -|- 1 ) = {ax ± l)n(a:) 


for some a G R. Note that a = 0 if and only if T(A) = I 2 , and that if T(A) 7 ^ I 2 , 
two such solutions differs from a multiplicative scalar. We then obtain at least one 
periodic solution when D{X) = 2 and one semi-periodic solution when D{X) = —2 
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If -D(A) 7 ^ 2, and if we note /i±(A) = 


D{\) ± ^D{\y - 4 


which are named 


Floqnet mnltipliers, then there exists two solntions (n, v) that satisfy 


u{x + 1) = ^+{X)u{x) 
v{x + 1) = fi-{X)v{x) 


and any other solntion satisfying one of these conditions differ of a mnltiplicative 
scalar. These solntions are called Floqnet solntions. 

Now, £x {El, E 2 ) G with Ei < E 2 , qper a bonnded 1 periodic-fnnction and w 
a 1-periodic bonnded weight fnnction snch that there exists rj > 0 and fC C [0,1] an 
interval satisfying 

T] -lic^w (B.2) 

For i G {1, 2} and A G M we consider the ODE 

i^i) ■ y” + (<?per + Ei)y = Xwy 


and we consider Di(A) and D 2 {X) as dehned above. We will snppose either that w 
is bonnded from below by a positive constant or that qper '■= 0. We now prove the 

Proposition B.l. There exists Aq such that for X < Xq we have |Dj(A)| > 2 for 

*e{l, 2 } 

Proof. It snffices to prove the resnlt for Di, for instance. Becanse w is non-negative 
and positive on a interval a positive length, the ODE are Stnrm-Lionville eqnations 
in the so-called semi-dehnite case. Therefore, following [21 Section 4], there exists 
Xinf snch that (—cxo, Ai„/) is an instability interval, so that every A < Xinf satishes 
|Di(A)|>2. □ 

Proposition B.2. Suppose w is bounded from below by a positive constant. Then, 
there exists X such that |Di(A)| 7 ^ |D 2 (A)| 

Proof. Since, w is bonnded from below by a positive constant, we are in the so-called 
definite case. We can consider the eigenvalne problem 

Hiy := ^{y” + {qper + Ei)y) = Xy (B.3) 

As El < E 2 , the lower anti-periodic eigenvalne Ai of Hi is strictly smaller than the 
lower periodic eigenvalne A 2 of H 2 . Therefore, Di(A 2 ) > 2 whereas D 2 {X 2 ) = 2. □ 


Proposition B.3. Suppose qper ■= 0. There exists a setS C M with no accumulation 
point such that, if {Ei,E 2 ) G there exists X such that |Di(A)| 7 ^ |D 2 (A)| 

Proof. For i G {1,2}, let <1>\, be the solntions of Hiy = Xy satisfying <F\(0) = 
(T\)'(0) = 1 and (4>\)'(0) = 4/\(0) = 0. Then, we know from Dnhamel formnla that 


^A(i) 


COS {V^t) 

sm{^/E{t) 



X 

7M 



sin {\/^i{t - s))w{s)^x{s)ds, 
sin {\f^i{t - s))w{s)^x{s)ds. 
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Therefore, we obtain the hrst order Taylor expansions 


41(1) = cos(VS) 

(41)'(l) = cos(/^) 
Hence, 


A 


Jo 

\/^ Jo 


sin(A/E^(l — s))w{s) cos{\JEis)ds + o(A), 
cos(a/^(1 — s))w{s) sm{^/Wis)ds + o(A). 


A(A) = 2cos(a/E^) - A + o{\) (B.4) 


Now, as 7 ^ 0 by assumption, we have 

(VA, D^{\) = D2{\)) = 


cos = cos \/E2 
sin \/Ef sin \/E^ 
\/ El \J E2 

El = {kiTrf 
E 2 = {k2'n) 


2 for some integers /ci, k 2 with same parity. 


□ 
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